
Practica 7
Aproximaciones, Taylor.
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Problema 1

En los siguientes casos use la formula de Taylor para  
f(x,y) en el origen para encontrar una aproximación 

cuadratica y cubica de la función en el punto.

a)

b)

c)

Ejercicio 1

f(x, y) = x ey

f(x, y) = ex cos(y)

f(x, y) = ex ln(1 + y)
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# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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 7.     cos ; x y r   2x 2y 2r  and 0  2x 2r 
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ˆ ‰
y È

 8. If x, y, and z are independent, then     ˆ ‰` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` `

`w w x w w z w t
x x x y x z x t x

y
y z

œ " " "

 (2x)(1) ( 2y)(0) (4)(0) (1) 2x .  Thus x 2z t 25  1 0 0  1œ " ! " " œ " " " œ Ê " " œ Ê œ !ˆ ‰` ` ` `

` ` ` `

t t t t
x x x x

  2x 1.  On the other hand, if x, y, and t are independent, then Ê œ !ˆ ‰ ˆ ‰` `

` `

w w
x xy z y t

     (2x)(1) ( 2y)(0) 4 (1)(0) 2x 4 .  Thus, x 2z t 25œ " " " œ " ! " " œ " " " œ
` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` `

`w x w w z w t z z
x x y x z x t x x x
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` ` " ` "
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z z w
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y t

 9. If x is a differentiable function of y and z, then f(x y z) 0     0   0ß ß œ Ê " " œ Ê " œ
` ` ` ` ` ` `

` ` ` ` ` ` ` ` `

` `f x f f z f f
x x y x z x x y x

y y

  .  Similarly, if y is a differentiable function of x and z,  and if z is aÊ œ ! œ !Š ‹ Š ‹` ` `

` ` ` ` ` `

` ` `x f/ z
y f/ z z f/ x

f/ y y

z x

 differentiable function of x and y, .  Then ˆ ‰ ˆ ‰Š ‹ Š ‹` ` ` ` `

` ` ` ` ` `

`z f/ x x z
x f/ y y z x

y
y yz x
œ !

 1.œ ! ! ! œ !Š ‹ Š ‹ˆ ‰` `

` ` ` ` ` `

` ` ` `f/ y
f/ z f/ x f/ y

f/ z f/ x

10. z z f(u) and u xy  1  1 y ; also 0  x  so that x y œ " œ Ê œ " œ " œ " œ !
` ` ` ` ` `

` ` ` ` ` `

z df u df z df u df z z
x du x du y du y du x y

 x 1 y y x xœ " ! œˆ ‰ ˆ ‰df df
du du

11. If x and y are independent, then g(x y z) 0     0 and 0   0ß ß œ Ê " " œ œ Ê " œ
` ` ` ` ` `

` ` ` ` ` ` ` ` ` `

` ` ` `g g y g g g
x y y y z y y y z y

x z x z

  , as claimed.Ê œ !Š ‹`

` ` `

` `z
y g/ z

g/ y

x

12. Let x and y be independent.  Then f(x y z w) 0, g(x y z w) 0 and 0ß ß ß œ ß ß ß œ œ
`

`

y
x

        0 andÊ " " " œ " " œ
` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` ` `

`f x f f z f w f f z f w
x x y x z x w x x z x w x

y

       0 imply` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` `g g y g g g g g
x x y x z x w x x z x w x

x z w z w
" " " œ " " œ

   
  

  # ˆ ‰
` ` ` ` `

` ` ` ` `
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` ` ` ` `
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`
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f z f w f
z x w x x
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z w
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g g g g
w z w z w w z

f f f

f f
x w w x

g g

" "
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œ ! , as claimed.

 Likewise, f(x y z w) 0, g(x y z w) 0 and 0      ß ß ß œ ß ß ß œ œ Ê " " "
` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` `

`x f x f f z f w
y x y y y z y w y

y

   0 and (similarly)   0 implyœ " " œ " " œ
` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` `

` ` `f f z f w z w
y z y w y y z y w y

g g g

   
  

  # Š ‹
` ` ` ` `

` ` ` ` `

` ` `

` ` ` ` `

` `

`

`

" !

f z f w f
z y w y y
g g g
z y w y y

z w
w
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" œ !

" œ !

Ê œ œ

x

» »

» »

f f
z y
g g
z y

f f
z w
g g
z w

!

!

f f
z y z y

g g

f
z

g g g g
w z w z w w z

f f f

f f
z y y z

g g

" "

"

   

  
œ ! , as claimed.

14.10  TAYLOR'S FORMULA FOR TWO VARIABLES

 1. f(x y) xe   f e , f xe , f 0, f e , f xeß œ Ê œ œ œ œ œ
y y y y y

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß " ß " ß " ß " ß " ßx y xx xy yy
"

#

# #c d
 0 x 1 y 0 x 0 2xy 1 y 0 x xy  quadratic approximation;œ " " " " " œ "† † † † †

"

#

# #a b
 f 0, f 0, f e , f xexxx xxy xyy yyy

y y
œ œ œ œ
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

Aproximación cubica

9
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

f(x, y) = x ey

10



920 Chapter 14 Partial Derivatives

  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

f(x, y) = x ey

 Section 14.10 Taylor's Formula for Two Variables 919

  1Ê œ !Š ‹`

`

u
y x

 7.     cos ; x y r   2x 2y 2r  and 0  2x 2r 
r x r cos 

y r sin Œ " Œ " ˆ ‰
) )

)

)Ä Ê œ " œ Ê " œ œ Ê œ
œ

œ

` ` `

` ` ` ` `

# # # ` `x r r
r x x x x

y y
)

    Ê œ Ê œ
` `

` ` !

r x r x
x r x x y

ˆ ‰
y È

 8. If x, y, and z are independent, then     ˆ ‰` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` `

`w w x w w z w t
x x x y x z x t x

y
y z

œ " " "

 (2x)(1) ( 2y)(0) (4)(0) (1) 2x .  Thus x 2z t 25  1 0 0  1œ " ! " " œ " " " œ Ê " " œ Ê œ !ˆ ‰` ` ` `

` ` ` `

t t t t
x x x x

  2x 1.  On the other hand, if x, y, and t are independent, then Ê œ !ˆ ‰ ˆ ‰` `

` `

w w
x xy z y t

     (2x)(1) ( 2y)(0) 4 (1)(0) 2x 4 .  Thus, x 2z t 25œ " " " œ " ! " " œ " " " œ
` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` `

`w x w w z w t z z
x x y x z x t x x x

y

  1 2 0 0    2x 4 2x 2.Ê " " œ Ê œ ! Ê œ " ! œ !
` ` " ` "

` ` # ` #

z z w
x x x

ˆ ‰ ˆ ‰
y t

 9. If x is a differentiable function of y and z, then f(x y z) 0     0   0ß ß œ Ê " " œ Ê " œ
` ` ` ` ` ` `

` ` ` ` ` ` ` ` `

` `f x f f z f f
x x y x z x x y x

y y

  .  Similarly, if y is a differentiable function of x and z,  and if z is aÊ œ ! œ !Š ‹ Š ‹` ` `

` ` ` ` ` `

` ` `x f/ z
y f/ z z f/ x

f/ y y

z x

 differentiable function of x and y, .  Then ˆ ‰ ˆ ‰Š ‹ Š ‹` ` ` ` `

` ` ` ` ` `

`z f/ x x z
x f/ y y z x

y
y yz x
œ !

 1.œ ! ! ! œ !Š ‹ Š ‹ˆ ‰` `

` ` ` ` ` `

` ` ` `f/ y
f/ z f/ x f/ y

f/ z f/ x

10. z z f(u) and u xy  1  1 y ; also 0  x  so that x y œ " œ Ê œ " œ " œ " œ !
` ` ` ` ` `

` ` ` ` ` `

z df u df z df u df z z
x du x du y du y du x y

 x 1 y y x xœ " ! œˆ ‰ ˆ ‰df df
du du

11. If x and y are independent, then g(x y z) 0     0 and 0   0ß ß œ Ê " " œ œ Ê " œ
` ` ` ` ` `

` ` ` ` ` ` ` ` ` `

` ` ` `g g y g g g
x y y y z y y y z y

x z x z

  , as claimed.Ê œ !Š ‹`

` ` `

` `z
y g/ z

g/ y

x

12. Let x and y be independent.  Then f(x y z w) 0, g(x y z w) 0 and 0ß ß ß œ ß ß ß œ œ
`

`

y
x

        0 andÊ " " " œ " " œ
` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` ` `

`f x f f z f w f f z f w
x x y x z x w x x z x w x

y

       0 imply` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` `g g y g g g g g
x x y x z x w x x z x w x

x z w z w
" " " œ " " œ

   
  

  # ˆ ‰
` ` ` ` `

` ` ` ` `

` ` `

` ` ` ` `

` `

`

`

" !

f z f w f
z x w x x
g g g
z x w x x

z w
z
x

  

 

" œ !

" œ !

Ê œ œ
y

» »

» »

!

!

f f
x w
g g
x w

f f
z w
g g
z w

f f
x w x w

g g

f
z

g g g g
w z w z w w z

f f f

f f
x w w x

g g

" "

"

   

  
œ ! , as claimed.

 Likewise, f(x y z w) 0, g(x y z w) 0 and 0      ß ß ß œ ß ß ß œ œ Ê " " "
` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` `

`x f x f f z f w
y x y y y z y w y

y

   0 and (similarly)   0 implyœ " " œ " " œ
` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` `

` ` `f f z f w z w
y z y w y y z y w y

g g g

   
  

  # Š ‹
` ` ` ` `

` ` ` ` `

` ` `

` ` ` ` `

` `

`

`

" !

f z f w f
z y w y y
g g g
z y w y y

z w
w
y

  

 

" œ !

" œ !

Ê œ œ

x

» »

» »

f f
z y
g g
z y

f f
z w
g g
z w

!

!

f f
z y z y

g g

f
z

g g g g
w z w z w w z

f f f

f f
z y y z

g g

" "

"

   

  
œ ! , as claimed.

14.10  TAYLOR'S FORMULA FOR TWO VARIABLES

 1. f(x y) xe   f e , f xe , f 0, f e , f xeß œ Ê œ œ œ œ œ
y y y y y

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß " ß " ß " ß " ß " ßx y xx xy yy
"

#

# #c d
 0 x 1 y 0 x 0 2xy 1 y 0 x xy  quadratic approximation;œ " " " " " œ "† † † † †

"

#

# #a b
 f 0, f 0, f e , f xexxx xxy xyy yyy

y y
œ œ œ œ

11
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

Aproximación cuadratica 

12



f(x, y) = ex cos(y)

13
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

14
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

f(x, y) = ex cos(y)

15
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

Aproximación cubica

16
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

17
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  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ ! !ß ! ! ß ! !ß ! ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ ! ! ! ! ! œ ! !

" "$ # # $ #

#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ " œ œ " œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! !ß ! ! !ß ! ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ ! ! ! ! ! " œ ! ! "† † † † †

" "

# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x x
œ œ " œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x x y x 1 3x y 0 3xy ( 1) y 0œ ! ! " ! ! ! " !

" "

#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ ! ! " ! "
" "

#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ " œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! !ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ " œ " œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ " œ " œ "x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ " œ œ " œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ ! " ! ! " ! œ " !

" "$ # # $ $ #

6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ ! Ê œ ! œ œ ! œ œ "
x x x

x y xx xy yy
e e e

1  y 1  y (1  y)
x x x

! ! !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ ! ! ! ! ! " œ ! "† † † † †

" "

# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ ! œ œ " œ

x x x

! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ ! " ! ! ! " !

" "# $ # # $

2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ ! " ! " !
" "

#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ ! ! Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)! ! # ! ! ! ! ! !

" " "

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"" "

! ! #

# #c d
 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ ! ! ! " ! " ! " œ ! ! " " "† † † † †

" "

# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ ! " !

"

#

#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ
! ! ! ! ! ! ! !

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ ! " ! ! ! ! !

" "

#

# $ # # $

6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ ! " ! ! ! ! !
" "

#

# $ # # #

3 a b
 (2x y) (2x y) (2x y) , cubic approximationœ ! " ! ! !

" "

#

# $

3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ ! Ê œ ! œ ! œ ! " !a b a b a b a b a b# # # # # # # # # # #

x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ " ! œ ! " !a b a b a b# # # # # # #

18



19



problema 2.

Utilice la formula de Taylor para encontrar una 
aproximación cuadratica de la función 

en el origen. Estime el error en la aproximación si 

f(x, y) = cos(x)cos(y)

|x| ≤ 0, 1 y |y| ≤ 0, 1

20
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  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ ! ! ! ! ! œ !† † † † †

"

#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ " ! " ! œ " ! " !a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ " ! " ! œ " ! " !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ ! ! ! ! ! œ !

# # $ # # $ # #"

6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ ! Ê œ " ! œ " !a b a b a b# # # # # #

x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ " ! " ! œ " ! œ " ! " !a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ " ! ! ! œ " ! ! !a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ " ! ! ! œ " ! ! !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ
" "

! ! ! ! ! !1  x  y (1  x  y) (1  x  y)x y xx xy yy
2

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ ! ! ! ! œ œ œ œ

#

! !
xxx xxy xyy yyy

6
(1  x  y)

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ ! ! ! ! ! ! ! !

# $ # # $"

6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ ! ! ! ! ! ! ! ! œ ! ! ! ! ! !
# $ # # $ # $a b

10. f(x y)   f , f , f ,ß œ Ê œ œ œ
" !

! ! " ! ! " " ! ! " ! ! "

! !

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)

œ œ
" ! ! " ! ! "

" !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b
 f , f ,xxx xxy

6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)
(1  x  y  xy) (1  x  y  xy)œ œ

! ! ! ! " " ! ! !

! ! " ! ! "

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ
! ! ! " " ! ! ! !

! ! " ! ! "

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ ! ! ! ! ! ! ! ! !

# # $ # # $"

6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ ! ! ! ! ! ! ! ! !
# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ " œ " œ " œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ ! ! ! " ! ! " œ " "† † † † †

"

# # #

# #c d x y

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal
 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ ! ! ! Ÿ

" $ $ $ $

6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ ! ! ! ! ! œ ! œ† † † † †

"

#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1

œ œ " œ " Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1
Ÿ ¸

Þ
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  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ ! ! ! ! ! œ !† † † † †

"

#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ " ! " ! œ " ! " !a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ " ! " ! œ " ! " !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ ! ! ! ! ! œ !

# # $ # # $ # #"

6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ ! Ê œ " ! œ " !a b a b a b# # # # # #

x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ " ! " ! œ " ! œ " ! " !a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ " ! ! ! œ " ! ! !a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ " ! ! ! œ " ! ! !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ
" "

! ! ! ! ! !1  x  y (1  x  y) (1  x  y)x y xx xy yy
2

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ ! ! ! ! œ œ œ œ

#

! !
xxx xxy xyy yyy

6
(1  x  y)

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ ! ! ! ! ! ! ! !

# $ # # $"

6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ ! ! ! ! ! ! ! ! œ ! ! ! ! ! !
# $ # # $ # $a b

10. f(x y)   f , f , f ,ß œ Ê œ œ œ
" !

! ! " ! ! " " ! ! " ! ! "

! !

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)

œ œ
" ! ! " ! ! "

" !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b
 f , f ,xxx xxy

6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)
(1  x  y  xy) (1  x  y  xy)œ œ

! ! ! ! " " ! ! !

! ! " ! ! "

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ
! ! ! " " ! ! ! !

! ! " ! ! "

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ ! ! ! ! ! ! ! ! !

# # $ # # $"

6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ ! ! ! ! ! ! ! ! !
# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ " œ " œ " œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ ! ! ! " ! ! " œ " "† † † † †

"

# # #

# #c d x y

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal
 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ ! ! ! Ÿ

" $ $ $ $

6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ ! ! ! ! ! œ ! œ† † † † †

"

#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1

œ œ " œ " Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1
Ÿ ¸

Þ

 Section 14.10 Taylor's Formula for Two Variables 921

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ ! ! ! ! ! œ !† † † † †

"

#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ " ! " ! œ " ! " !a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ " ! " ! œ " ! " !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ ! ! ! ! ! œ !

# # $ # # $ # #"

6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ ! Ê œ " ! œ " !a b a b a b# # # # # #

x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ " ! " ! œ " ! œ " ! " !a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ " ! ! ! œ " ! ! !a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ " ! ! ! œ " ! ! !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ
" "

! ! ! ! ! !1  x  y (1  x  y) (1  x  y)x y xx xy yy
2

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ ! ! ! ! œ œ œ œ

#

! !
xxx xxy xyy yyy

6
(1  x  y)

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ ! ! ! ! ! ! ! !

# $ # # $"

6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ ! ! ! ! ! ! ! ! œ ! ! ! ! ! !
# $ # # $ # $a b

10. f(x y)   f , f , f ,ß œ Ê œ œ œ
" !

! ! " ! ! " " ! ! " ! ! "

! !

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)

œ œ
" ! ! " ! ! "

" !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b
 f , f ,xxx xxy

6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)
(1  x  y  xy) (1  x  y  xy)œ œ

! ! ! ! " " ! ! !

! ! " ! ! "

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ
! ! ! " " ! ! ! !

! ! " ! ! "

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ ! ! ! ! ! ! ! ! !

# # $ # # $"

6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ ! ! ! ! ! ! ! ! !
# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ " œ " œ " œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ ! ! ! " ! ! " œ " "† † † † †

"

# # #

# #c d x y

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal
 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ ! ! ! Ÿ

" $ $ $ $

6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ ! ! ! ! ! œ ! œ† † † † †

"

#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1

œ œ " œ " Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1
Ÿ ¸

Þ
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  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ ! ! ! ! ! œ !† † † † †

"

#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ " ! " ! œ " ! " !a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ " ! " ! œ " ! " !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ ! ! ! ! ! œ !

# # $ # # $ # #"

6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ ! Ê œ " ! œ " !a b a b a b# # # # # #

x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ " ! " ! œ " ! œ " ! " !a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ " ! ! ! œ " ! ! !a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ " ! ! ! œ " ! ! !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ
" "

! ! ! ! ! !1  x  y (1  x  y) (1  x  y)x y xx xy yy
2

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ ! ! ! ! œ œ œ œ

#

! !
xxx xxy xyy yyy

6
(1  x  y)

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ ! ! ! ! ! ! ! !

# $ # # $"

6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ ! ! ! ! ! ! ! ! œ ! ! ! ! ! !
# $ # # $ # $a b

10. f(x y)   f , f , f ,ß œ Ê œ œ œ
" !

! ! " ! ! " " ! ! " ! ! "

! !

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)

œ œ
" ! ! " ! ! "

" !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b
 f , f ,xxx xxy

6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)
(1  x  y  xy) (1  x  y  xy)œ œ

! ! ! ! " " ! ! !

! ! " ! ! "

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ
! ! ! " " ! ! ! !

! ! " ! ! "

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ ! ! ! ! ! ! ! ! !

# # $ # # $"

6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ ! ! ! ! ! ! ! ! !
# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ " œ " œ " œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ ! ! ! " ! ! " œ " "† † † † †

"

# # #

# #c d x y

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal
 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ ! ! ! Ÿ

" $ $ $ $

6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ ! ! ! ! ! œ ! œ† † † † †

"

#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1

œ œ " œ " Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1
Ÿ ¸

Þ
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  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ ! ! ! ! ! œ !† † † † †

"

#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ " ! " ! œ " ! " !a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ " ! " ! œ " ! " !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ ! ! ! ! ! œ !

# # $ # # $ # #"

6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ ! Ê œ " ! œ " !a b a b a b# # # # # #

x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ " ! " ! œ " ! œ " ! " !a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ " ! ! ! œ " ! ! !a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ " ! ! ! œ " ! ! !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ
" "

! ! ! ! ! !1  x  y (1  x  y) (1  x  y)x y xx xy yy
2

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ ! ! ! ! œ œ œ œ

#

! !
xxx xxy xyy yyy

6
(1  x  y)

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ ! ! ! ! ! ! ! !

# $ # # $"

6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ ! ! ! ! ! ! ! ! œ ! ! ! ! ! !
# $ # # $ # $a b

10. f(x y)   f , f , f ,ß œ Ê œ œ œ
" !

! ! " ! ! " " ! ! " ! ! "

! !

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)

œ œ
" ! ! " ! ! "

" !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b
 f , f ,xxx xxy

6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)
(1  x  y  xy) (1  x  y  xy)œ œ

! ! ! ! " " ! ! !

! ! " ! ! "

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ
! ! ! " " ! ! ! !

! ! " ! ! "

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ ! ! ! ! ! ! ! ! !

# # $ # # $"

6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ ! ! ! ! ! ! ! ! !
# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ " œ " œ " œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ ! ! ! " ! ! " œ " "† † † † †

"

# # #

# #c d x y

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal
 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ ! ! ! Ÿ

" $ $ $ $

6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ ! ! ! ! ! œ ! œ† † † † †

"

#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1

œ œ " œ " Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1
Ÿ ¸

Þ

= 1− x2

2
− y2

2

Aproximación cuadratica 

21



22



23



R(x, y) ≤ 1
6

[
(0, 1)3 + 3(0, 1)3 + 3(0, 1)3 + (0, 1)3

]

= 1− x2

2
− y2

2

Aproximación cuadratica 

R(x, y) ≤ 0, 00134

24



25



26



27



Ejercicio 2.

Repita el ejercicio anterior para la función

f(x, y) = exsen(y)

R(x, y) ≤ 0, 000814
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  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ ! ! ! ! ! œ !† † † † †

"

#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ " ! " ! œ " ! " !a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ " ! " ! œ " ! " !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ ! ! ! ! ! œ !

# # $ # # $ # #"

6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ ! Ê œ " ! œ " !a b a b a b# # # # # #

x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ " ! " ! œ " ! œ " ! " !a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ " ! ! ! œ " ! ! !a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ " ! ! ! œ " ! ! !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ
" "

! ! ! ! ! !1  x  y (1  x  y) (1  x  y)x y xx xy yy
2

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ ! ! ! ! œ œ œ œ

#

! !
xxx xxy xyy yyy

6
(1  x  y)

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ ! ! ! ! ! ! ! !

# $ # # $"

6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ ! ! ! ! ! ! ! ! œ ! ! ! ! ! !
# $ # # $ # $a b

10. f(x y)   f , f , f ,ß œ Ê œ œ œ
" !

! ! " ! ! " " ! ! " ! ! "

! !

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)

œ œ
" ! ! " ! ! "

" !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b
 f , f ,xxx xxy

6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)
(1  x  y  xy) (1  x  y  xy)œ œ

! ! ! ! " " ! ! !

! ! " ! ! "

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ
! ! ! " " ! ! ! !

! ! " ! ! "

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ ! ! ! ! ! ! ! ! !

# # $ # # $"

6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ ! ! ! ! ! ! ! ! !
# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ " œ " œ " œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ ! ! ! " ! ! " œ " "† † † † †

"

# # #

# #c d x y

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal
 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ ! ! ! Ÿ

" $ $ $ $

6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ ! ! ! ! ! œ ! œ† † † † †

"

#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1

œ œ " œ " Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1
Ÿ ¸

Þ
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  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ ! ! ! ! ! œ !† † † † †

"

#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ " ! " ! œ " ! " !a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ " ! " ! œ " ! " !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ ! ! ! ! ! œ !

# # $ # # $ # #"

6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ ! Ê œ " ! œ " !a b a b a b# # # # # #

x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ " ! " ! œ " ! œ " ! " !a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ ! ! ! ! ! œ† † † † †

"

#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ " ! ! ! œ " ! ! !a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ " ! ! ! œ " ! ! !a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ ! ! ! ! œ

" $ # # $

6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ
" "

! ! ! ! ! !1  x  y (1  x  y) (1  x  y)x y xx xy yy
2

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ ! ! ! ! œ œ œ œ

#

! !
xxx xxy xyy yyy

6
(1  x  y)

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ ! ! ! ! ! ! ! !

# $ # # $"

6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ ! ! ! ! ! ! ! ! œ ! ! ! ! ! !
# $ # # $ # $a b

10. f(x y)   f , f , f ,ß œ Ê œ œ œ
" !

! ! " ! ! " " ! ! " ! ! "

! !

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)

œ œ
" ! ! " ! ! "

" !

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ ! ! ! ! ! œ ! ! ! ! !† † † † †

"

#

# # # #a b
 f , f ,xxx xxy

6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)
(1  x  y  xy) (1  x  y  xy)œ œ

! ! ! ! " " ! ! !

! ! " ! ! "

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ
! ! ! " " ! ! ! !

! ! " ! ! "

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ ! ß ! !ß ! ß ! ß
" $ # # $

6 xxx xxy xyy yyyc d
 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ ! ! ! ! ! ! ! ! !

# # $ # # $"

6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ ! ! ! ! ! ! ! ! !
# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ " œ " œ " œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ " Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ß
"

#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ ! ! ! " ! ! " œ " "† † † † †

"

# # #

# #c d x y

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal
 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ ! ! ! Ÿ

" $ $ $ $

6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ "
x x x x x x

x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß ! ß ! ß ! ß ! ß ! ßx y xx xy yy
"

#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ ! ! ! ! ! œ ! œ† † † † †

"

#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1

œ œ " œ " Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1
Ÿ ¸

Þ
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